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In recent years, unit-price auctions in which bidders bid their willingness-to-pay for per-unit re-
alized outcome have been adopted by major keyword advertising providers such as Yahoo!, Google,
and MSN;, in selling keyword advertising slots on web sites. The majority of keyword auctions are
pay-per-click auctions in which advertisers specify their willingness-to-pay per click, and pay by
the clicks they actually receive.

In pay-per-click auctions, keyword advertising providers often learn about advertisers’ abilities
to generate clicks, e.g., by observing the click-through rates of the advertisement in the past.
Such information has been gradually integrated into the keyword auction designs. For example,
in 2003, Google started ranking advertisers by the product of their bid prices and their historical
click-through rates. In 2005, Google adopted a more sophisticated ranking scheme that weighs
advertisers’ unit-price bids by “quality scores”, which are determined by several factors including
advertisers’ historical click-through rates, the relevance of the advertisement text, and quality of
landing pages. Are there economic justifications for auctioneers to weigh bidders’ unit-price bids
differently? What is the impact of such weighting schemes on bidding behavior, efficiency, and
revenue?

The availability of click-through information also enables alternative minimum bid policies. For
example, Google has recently abandoned their one-size-fits-all minimum-bid policy in favor of a
new policy that imposes higher minimum bids for advertisements with low quality scores. These
practices raise new questions: What is the impact of different minimum bid policies on bidding
behavior, efficiency, and revenue? The above questions regarding ranking scheme and minimum
bid policies are worthy, given the sheer size of the keyword advertising industry. Since 2002, the
total revenue of Google has increased almost 15 fold, to $6.1 billion in 2005, most of which comes
from keyword advertising.

In order to address the above questions, we study a class of auction mechanisms, weighted
unit-price auctions (WUPAs), which capture the key features of keyword advertising auctions. A
distinguishing feature of our setting is that the auctioneer can observe a signal about each bidder’s
future yield (which we term as the bidder’s type) before the auction. The novelty of the WUPAs lies
in that it provides an intuitive way for the auctioneer to take advantage of such interim information,
i.e., by assigning different weighting factors and/or imposing different minimum bids for bidders of
different types. Our main goals are (1) to study the impact of two design parameters of WUPAs,
namely, the weighting scheme and the minimum bid policy, on the equilibrium bidding, allocation
efficiency, and revenue, and (2) to compare the efficiency and revenue of WUPAs with those of
standard auctions.

Our results have implications more beyond pay-per-click keyword auctions. First, our study can
readily apply to other pricing models in keyword auctions. For example, some keyword advertising
providers offer pay-per-call and pay-per-action formats, in which advertisers pay only if a customer



responds to advertisements by making a phone call or taking a particular action such as signing up
or purchasing advertised products. Since the “yield” in our model can also be interpreted as the
the number of calls or actions in keyword advertising, the insights gained from our model apply
to “pay-per-call” and “pay-per-action” auction formats as well. WUPAs may also be applied to
other settings, such as selling computer power on a grid-computing facility or Internet bandwidth,
procuring a project with uncertain (but verifiable) outcomes. In each of these settings, the auc-
tioneer are likely to have some information on bidders’ future yield, e.g., usage rate and probability
of success.

Our research is related to a large literature on the role of ex post information in auction designs
(2], [5], [6], [7]). Unlike these papers, in our model setting, the auctioneer not only uses ex post
outcome information but also ex ante information on bidders. Liu and Chen [4] have studied the
weighting scheme of the WUPA class in a first-score, single-object setting. This paper advances [4]
in several ways: (1) We show that the results obtained in [4] can be generalized to second-score and
multi-object settings. (2) We also consider the case with minimum bids and discuss their impact
on bidding strategies, allocation efficiency, and revenue. (3) We analyze the case where bidders’
unit-valuation is correlated with their yield potential and evaluate the impact of such correlation on
the optimal choice of weighting factor. The weighting scheme of keyword auctions is also discussed
in Feng and Bhargava (2004) and Lahaie (2006). But they focus on two special cases where bids
are either not weighted or are weighted by expected click-through rates.

Model Setup. Let there be n bidders, indexed by ¢ = 1,2, ...,n and m (m < n) assets, indexed
by j = 1,...,m. The bidder i’s valuation for asset j is v;q;0;, where 1 = 61 > d2 > ... > d,,. We
interpret ¢; as asset j’s size (or quality). Upon exploiting the asset J;, each bidder i generates a
stochastic but verifiable yield §;¢;, for which the bidder has a unit-valuation of v;. We assume g;
is not influenced by bidder i’s actions during the auction; rather, it is determined by bidder i’s
intrinsic attributes. In the keyword advertising setting, ¢; is the number of clicks generated.

Unit valuation v; is bidder i’s private information. The bidder also observes a signal 6; about
his future yield g;. The signal can be either H or L. Let Fy(v) and Fr(v) denote the cumulative
distributions of v; conditional on i receiving signal H and L respectively. We assume Fp(v) and
Fr(v) have a fixed support [0,1] and the density functions, fz(v) and fr(v), are positive and
differentiable everywhere within the support.

The auctioneer can also observe each bidder’s yield signal. This is possible because e-commerce
technologies allow auctioneers to keep a record of bidders’ yield rates in the past, which are used by
both the bidder and the auctioneer to infer the bidder’s future yield. We assume E(q|6,v) = E(q|0)
so that a bidder’s private information v; has no implications on ¢;. Denote Qy = E(q|H) and
Qr = E(q|L) as the expected yield for a bidder who receives signal H and signal L, respectively.
We assume Qn > @, and call bidders who receive H (L) as high-yield (low-yield) bidders. Other
bidders do not observe bidder ’s yield signal, but they hold a common belief about the probabilities
of receiving H and L, denoted as o and 1 — a, respectively.

Auction Format. The assets are sold through a unit-price auction in which each bidder ¢
is asked to submit his/her willingness-to-pay for per unit yield, b; (hereafter unit price), and the
winners of the auction pays his/her realized yield at a unit-price p determined by the auction rule.
The auctioneer allocates the assets based on a weighted score rule. In particular, let the weight for
low-yield bidders’ bid prices be w and normalize the weight for high-yield bidders’ to 1. Then the
score for bidder 7 is

(1)

The bidder with the highest score wins the first asset, the bidder with the second-highest score
wins the second asset, and so on. We call such an auction format as weighted unit-price auctions

| b, if ¢ is high-yield
ST\ why, if 4 is low-yield



(WUPAs). By allowing w to take different values, we can accommodate the following stylized
auction formats. When w = 1, the winners are determined solely by bid prices. One example is the
auction format adopted by Yahoo!. When w < 1, bid prices from low-yield bidders are weighted
less than those from high-yield bidders. Google’s auction is among this category.

A WUPA may be first-score or second-score depending on whether the winning bidders are
required to “fulfill” their own scores or the next highest score. We can show that the revenue
equivalence holds for the two formats. In light of this, we will derive our main results using the
first-score variation, which is simpler to work with.

All bidders are risk-neutral, and their payoff functions are additive in their total valuation and
the payment In particular, in first-score WUPAs, if the probability of winning asset ¢; with a score
s is Pj(s), bidder i’s expected payoft is given by

= B [al6] (v: = b)) D_ 0, P;(s1) (2)

Synopsis of Findings. We focus on symmetric, pure-strategy Bayesian-Nash equilibria. By
“symmetric’, we mean that bidders with the same unit-valuation and yield-signal will bid the
same. We denote their equilibrium probabilities of winning the first asset as pk(v) and p}(v)
respectively.! Let minimum bids for high-yield and low-yield bidders be b; and by respectively.
Assuming b; < by /w <1 and w < 1,2 we have

_ [aFy (by) + (1 —a) Fr, (v)]*™ for v € [by, vo]
pL(v) = { (aFa (00) 1 (1 — &) Fa (o))" for v € foue 1] (3)
[aFy (v) + (1 — ) Fr (v0)]"™" for v € [byy, wu]
pi (v) = [aFy (v) + (1— ) F, (%)]n " for v € [wg, w] (4)
[aFg (v) + (1 —a)]"" for v € [w, 1]

where vg is the point at which lower-yield bidders jump their bids and is given by

/ ZpL t)0;dt = /vaZpH £)3;dt. (5)
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Given these equilibrium winning probabilities, we can easily evaluate the equilibrium bidding
functions, efficiency, and the auctioneer’s revenue. Our analysis generates the following novel
findings:

e Unlike in standard auction settings, there may be kinks in bidding functions in WUPAs. The
kinks occur when one type’s bids rise (or drop) to a point the other type of bidders are no
longer able to match. Figure 1 shows that the bidding function for high-yield bidders has a
kink at v = w when w < 1.

e With minimum bids, there may be a jump in one type’s bidding function. The reason is
that when two types of bidders face different minimum bids, the type who faces the more
constraining minimum bid will have some of its bidders “clustering” near the minimum bid
(zone-I high-yield bidders). As a result, it is rational for the other type to either leap-frog the

!The equilibrium winning probabilities of winning other assets, pi and pgﬁ 7 =2,...,m, can be derived analogously
using different order statistics.
*The case with w > 1 and/or b, > by /w can be analyzed in a similar way.
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Figure 1: equilibrium bidding functions without minimum bids

entire “cluster” or to bid lower than them. The jump does not occur only when minimum bids
are equally constraining, i.e., when the minimum score is the same across bidder types. For
example, in Figure 2, all zone-I low-yield bidders score lower than zone-I high-yield bidders
(the cluster). There is a jump in low-yield bidders’ bidding function at the border of zone-I
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Figure 2: equilibrium bidding functions with minimum bids

Remarkably, although bidders generally do not bid their true valuation (except in the case
of single-object WUPA with the second-score rule), the efficient weighting scheme is simple
and the same in both the first-score and the second-score WUPASs: each unit-price bid is
weighted by the respective expected yield, as if bidders are bidding their true unit-valuation.
This insight is due to a result central to our findings: in equilibrium, the ratio of bid prices
from the high-yield and the low-yield bidders with the same score is the same as the ratio of
their true unit-valuation.

It is weakly efficient (i.e., the allocation is efficient among participating bidders) to impose
the same minimum score across bidder types, provided the auctioneer also uses the efficient



weighting factor. As we have suggested, setting different minimum scores for different bidder
types causes clustering among the more-constrained type and jump-bidding among the less-
constrained the type, which distorts allocation efficiency locally.

The revenue-maximizing weighting scheme is generally different from the efficient one. The
revenue-maximizing weighting scheme may favor high-yield or low-yield bidders in comparison
with the efficient weighting scheme. When high-yield bidders and low-yield bidders differ only
in their expected yield, the optimal weighting scheme always favor low-yield bidders. But
as the unit-valuation of low-yield bidders increases by the hazard-rate order, the revenue-
maximizing weighting scheme will favor low-yield bidders less and may even favor the high-
yield bidders. This finding is due to that when bidders differ both in the expected yield and
in the unit-valuation distribution, the high-yield bidders are not necessarily “stronger”.

Combining the previous results with the finding that efficient WUPAs are revenue-equivalent
to standard auctions in which bidders bid total willingness-to-pay, we conclude that WUPAs
may generate higher revenue than standard auctions. The “abnormal” revenue arises pre-
cisely because the interim information on bidders’ future-yield allows auctioneers to further
discriminate among bidders, often at the cost of allocation efficiency.

An optimal minimum bids policy is generally different from what we see in the optimal
mechanism design literature. The reason is that besides the effect of excluding bidders of
certain valuation, the minimum bids also affect the resource allocation among the participating
bidders, particularly through its impact on the “jump” point and the size of the “cluster”.
Furthermore, the optimal minimum-bids are generally not a uniform minimum score either,
thus inefficient.
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